2014) Finite element model for vibration and buckling of functionally graded sandwich beams based on a refined shear deformation theory. Engineering Structures, 64. 12 -22. Abstract Finite element model for vibration and buckling of functionally graded sandwich beams based on a refined shear deformation theory is presented. The core of sandwich beam is fully metal or ceramic and skins are composed of a functionally graded material across the depth. Governing equations of motion and boundary conditions are derived from the Hamilton's principle. Effects of power-law index, span-to-height ratio, core thickness and boundary conditions on the natural frequencies, critical buckling loads and load-frequency curves of sandwich beams are discussed. Numerical results show that the above-mentioned effects play very important role on the vibration and buckling analysis of functionally graded sandwich beams.
Introduction
In recent years, the application of functionally graded (FG) sandwich structures in aerospace, marine, civil construction is growing rapidly due to their high strength-to-weight ratio. There exist two common types: sandwich structures with FG core and sandwich structures with FG skins. With the wide application of FG sandwich structures, understanding vibration and buckling of FG sandwich structures becomes an important task. Based on the different shear deformation theories, though many works on these problems for FG beams are available ([1]- [13] ), research on vibration and buckling of FG sandwich beams is a few in number. Di Sciuva and Gherlone [14] developed finite element formulations of the Hermitian Zig-Zag model to investigate the static and dynamic analyses of sandwich beams.
Bhangale and Ganesan [15] derived finite element model to study thermal buckling and vibration analysis of a FG sandwich beam having constrained viscoelastic layer in thermal environment. Amirani et al. [16] used the element free Galerkin method for free vibration analysis of sandwich beam with FG core. Bui et al. [17] investigated transient responses and natural frequencies of sandwich beams with inhomogeneous FG core using a truly meshfree radial point interpolation method.
In this paper, which is extended from the previous work [18] , finite element model for vibration and buckling of FG sandwich beams is presented. The developed theory accounts for parabolical variation of the transverse shear strain and stress through the beam depth, and satisfy the stress-free boundary conditions on the top and bottom surfaces of the beam. The core of sandwich beam is fully metal or ceramic and skins are composed of a FG material across the beam depth. Governing equations of motion and boundary conditions are derived from the Hamilton's principle. Effects of power-law index, span-to-height ratio, core thickness and boundary conditions on the natural frequencies, critical buckling loads and load-frequency curves of sandwich beams are discussed. Numerical results show that the above-mentioned effects play very important role on the vibration and buckling analysis of FG sandwich beams.
Kinematics
Consider a FG sandwich beam, composed of "Layer 1", "Layer 2", and "Layer 3", as shown in interfaces between the layers are denoted by h 0 = − h 2 , h 1 , h 2 , h 3 = h 2 , respectively. The effective material properties for each layer, like Young's modulus E and mass density ρ, can be expressed as:
where P t and P b denote the material property located at the skins and at the core, respectively.
The volume fraction function V
defined by the power-law form [19] as follows:
where k is a power-law index which is positive.
The displacement field of the present theory, based on Reddy-Bickford beam theory ( [20] , [21] ), can be obtained as:
where u is the axial displacement, w b and w s are the bending and shear components of transverse displacement along the mid-plane of the beam. The superscript prime ( ′ ) denotes the partial derivatives with respect to the x-axis.
The non-zero strains are given by:
x and κ s x are the strains and curvatures in the beam, defined as:
In Eq. (5a), f (z) denotes the distribution of the transverse shear strains and stress through the beam depth. This function is chosen to satisfy the stress-free boundary conditions on the top and bottom surfaces of the beam.
Variational Formulation
In order to derive the equations of motion, Hamilton's principle is used:
where δU , δK and δV denote the virtual variation of the strain energy, kinetic energy and potential energy, respectively.
The variation of the strain energy can be stated as:
where N x , M b x , M s x and Q xz are the stress resultants, defined as:
The variation of the potential energy by the axial force P 0 can be written as:
The variation of the kinetic energy can be expressed as:
where dot-superscript prime indicates the differentiation with respect to the time t; and m 0 , m 1 , m 2 , m f , m f z and m f 2 are the mass inertias, defined by:
By substituting Eqs. (8), (10) and (11) into Eq. (7), the following weak statement is obtained:
Constitutive Equations
The linear constitutive relations of a FG sandwich beam can be written as:
By using Eqs. (4), (9) and (14), the constitutive equations for stress resultants and strains are obtained :
where R ij are the stiffnesses of FG sandwich beams and given by:
Governing Equations of Motion
The equilibrium equations of the present study can be obtained by integrating the derivatives of the varied quantities by parts and collecting the coefficients of δu, δw b and δw s :
The natural boundary conditions are of the form:
By substituting Eqs. (6) and (15) into Eq. (17), the explicit form of the governing equations of motion can be expressed with respect to the stiffnesses R ij :
Finite Element Formulation
The present theory for FG sandwich beams described in the previous section was implemented via a displacement based finite element method. The variational statement in Eq. 
Substituting these expressions in Eq. (20) into the corresponding weak statement in Eq. (13) , the finite element model of a typical element can be expressed as the standard eigenvalue problem:
where [K], [G] and [M ] are the element stiffness matrix, element geometric stiffness matrix and element mass matrix, respectively. The explicit forms of them are given by:
In Eq. (21), {∆} is the eigenvector of nodal displacements corresponding to an eigenvalue:
Numerical Examples
For verification purpose, the fundamental natural frequencies and critical buckling loads of FG beams with different values of span-to-height ratio for three boundary conditions, which are clamped- The results obtained from the present theory are compared with those of Li and Batra [11] and Nguyen et al. [12] based on the first-order beam theory (FOBT), Simsek [6] and Thai and Vo [8] based on the higher-order beam theory (HOBT). It should be noted that in previous research, Thai and Vo [8] used the Navier procedure to derive the analytical solution for a simply-supported FG beam only. In the case of the FOBT, the shear correction factor is taken to equal 5/6. As expected, an increase of the power-law index makes FG beams more flexible, which leads to a reduction in natural frequencies and buckling loads. This holds irrespective of the consideration of shear effects. It is observed that the present results are in good agreement with the solutions in earlier works, thus accuracy of the present model is established.
In order to investigate the effects of the power-law index and span-to-height ratio on the natural frequencies and critical buckling loads, seven different types of symmetric and non-symmetric FG sandwich beams for various boundary conditions are considered. Unless mentioned otherwise, two cases of FG sandwich beams with two values of span-to-height ratio, L/h = 5 and 20, are examined:
and FG faces with top and bottom surfaces made of Al
Numerical results are given in Tables 5-14 . When comparing the results between L/h = 5 and 20, it can be seen that they nearly coincide for C-F beam and become more discrepancy for S-S and C-C one. It is clear that shear effects are more pronounced on C-C beam than others and stronger for softcore than hardcore.
Figs. 5 and 6 illustrated the fundamental natural frequencies and critical buckling loads versus the span-to-height ratios of (1-0-1) and (1-8-1) clamped-clamped sandwich beams. It is shown that the effect of power-law index on sandwich beam without core (1-0-1), is greater than that of sandwich beam with hardcore (1-8-1), and this effect on softcore is greater than that with hardcore for natural frequencies (Fig. 5b ). In general, as the power-law index increases and core thickness decreases, the natural frequencies and critical buckling loads decrease for sandwich beams with hardcore and increase for sandwich beams with softcore.
For the sake of completeness, the first fourth natural frequencies of symmetric (1-2-1) and nonsymmetric (2-2-1) sandwich beams are given in Tables 13 and 14 . In this case, the results of nonsymmetric sandwich beam are smaller than those of symmetric one with hardcore and vice versa with softcore. A clamped-clamped sandwich beam is chosen to investigate the vibration mode shapes with the power-law index k = 5 in Fig. 7 . It can be seen that for symmetric sandwich beam, the coupling stiffnesses R 12 and R 13 in governing equations (Eq. 19) become zero, therefore, the first, second and fourth modes exhibit double coupled vibration (w b and w s ), whereas, the third mode exhibits axial vibration (u). However, for non-symmetric one, all the coupling stiffnesses do not vanish, thus, all three modes (the first, second and fourth modes) display triply coupled vibration (u, w b and w s ). These modes also highlight the main difference between non-symmetric and symmetric sandwich beam.
Finally, the fundamental natural frequencies of symmetric (2-1-2) and non-symmetric (2-1-1) sandwich beams under axial force with the power-law index k = 10 is plotted in Fig. 8 . As expected, the smallest group is for C-F beam and the largest one is for the C-C beam. These load-frequency curves explain the duality between the critical buckling load and fundamental natural frequency. Thus, for (2-1-1) sandwich beam with hardcore ( Fig. 8a) , the critical buckling loads are 42.193, 11.837 and 3.053 for C-C, S-S and C-F beam, respectively.
Conclusions
Based on refined shear deformation theory, vibration and buckling of FG sandwich beams is presented. Governing equations of motion and boundary conditions are derived from the Hamilton's principle. Finite element model is developed to determine the natural frequencies, critical buckling loads and load-frequency curves as well as corresponding mode shapes of FG sandwich beam with homogeneous hardcore and softcore. Effects of power-law index, span-to-height ratio, core thickness and boundary conditions are discussed. The present model can provide accurate and reliable results in analysing vibration and buckling problem of FG sandwich beams.
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